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Abstract
In this paper, we introduce and investigate monadic NM-algebras: a variety of
NM-algebras equipped with universal quantifiers. Also, we obtain some conditions
under which monadic NM-algebras become monadic Boolean algebras. Besides, we
show that the variety of monadic NM-algebras faithfully the axioms on quantifiers
in monadic predicate NM logic. Furthermore, we discuss relations between monadic
NM-algebras and some related structures, likeness modal NM-algebras and rough
approximation spaces. In addition, we investigate monadic filters in monadic NM-
algebras. In particular, we characterize simple and subdirectly irreducible monadic
NM-algebras and obtain a representation theorem for monadic NM-algebras. Fi-
nally, we present monadic NM-logic and prove the (chain) completeness of monadic
NM-logic based on monadic NM-algebras. These results constitute a crucial first
step for providing a solid algebraic foundation for the monadic predicate NM logic.
Keywords: many-valued logical algebra; monadic NM-algebra; monadic filter;
subdirect representation; monadic NM-logic
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1. Introduction
It is well known that non-classical logics take the advantage of the classical logics
to handle uncertain information and fuzzy information. While Boolean algebras
are algebraic semantics for classical logics, many-valued logical algebras serve as
algebraic semantics for non-classical logics. Until now, various kinds of many-valued
logical algebras have been extensively introduced and studied, for example, MV-
algebras, BL-algebras, Go¨del algebras, MTL-algebras and NM-algebras. Among
these many-valued logical algebras, MTL-algebras are the most significant because
the others are all particular cases of MTL-algebras. In fact, MTL-algebras contain
all algebras induced by left continuous t-norm and their residua. As an most
important class of MTL-algebras, nilpotent minimum algebras (NM-algebras for
short) are MTL-algebras satisfying the low of involution of the negation ¬¬x = x
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and (¬(x⊙ y))∨ (x∧ y) → (x⊙ y)) = 1, are the corresponding algebraic structures
of nilpotent minimum logic [2]. Well known many-valued logic such as  Lukasiewicz
logic, Go¨del logic and product logic can be regarded as schematic extensions of
basic logic (BL for short), which is a general framework of many-valued logic for
capturing the tautologies of continuous t-norm and their residua [12]. It must be
pointed out here that the NM logic is not an axiomatic extension of BL because the
corresponding t-norm in the NM-algebra is not continuous but only left-continuous.
Viewing the axioms of NM-algebras, we note that NM-algebras are different from
BL-algebras, since they does not satisfy the divisibility condition x∧ y = x⊙ (x→
y).
Monadic (Boolean) algebras in the sense of Halmos [11] are Boolean algebras
equipped with a closure operator ∃ whose range is a subalgebra of Boolean al-
gebra. This operator abstracts algebraic properties of the standard existential
quantifier “for some”. The name “monadic” comes from the connection with
predicate logics for languages having one placed predicates and a single quanti-
fier. Monadic Boolean algebras have been deeply investigated in [13, 16]. In-
spired by this, monadic Heyting algebras, an algebraic model of the one-variable
fragment of the intuitionistic predicate logic, were introduced and developed in
[1, 14, 15]. Subsequently, monadic MV-algebras, an algebraic model of the one
element fragment of  Lukasiewicz predicate logic, were introduced and studied in
[7, 18, 19]. After then, monadic BL-algebras, monadic residuated lattices, monadic
basic algebras and monadic residuated ℓ-monoids were introduced and investigated
in [10, 20, 6, 21]. In the above-mentioned monadic algebras, since both MV-algebras
and basic algebras satisfy De Morgan and double negation laws, in the definition of
the corresponding monadic algebras, it is possible to use only one of the existential
and universal quantifiers as initial, the other is then definable as the dual of the
original one. On the contrary, the definitions of monadic Heyting algebras, monadic
BL-algebras and monadic residuated lattices require using both kinds of quantifiers
simultaneously, because these quantifiers are not mutually interdefinable.
In this paper, we will investigate monadic NM-algebras and prove the (chain)
completeness of the monadic NM-logics. One of our aims is to introduce the va-
riety of NM-algebras endowed with universal quantifiers. In particular, the paper
[2] was the first attempt to define monadic NM-algebras using the existential and
universal quantifiers (analogously as for monadic BL-algebras). But it seems to
be more appropriate to introduce such monadic algebras similarly as the monadic
MV-algebras since NM-algebras also satisfy De Morgan and double negation laws.
On the other hand, the main focus of existing research about quantifiers is on MV-
algebras, BL-algebras, Heyting algebras, basic algebras and residuated ℓ-monoids,
etc. All the above-mentioned algebraic structures satisfy the divisibility condition.
In this case, the conjunction ⊙ on the unit interval corresponds to a continuous
t-norm. However, there are few research about quantifiers on residuated structures
without the divisibility condition so far. In fact, NM-algebras are the residuated
structure, which does not satisfy the divisibility condition. Therefore, it is inter-
esting to study monadic NM-algebras. These are motivations for us to investigate
monadic NM-algebras.
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This paper is organized as follows: In Section 2, we review some basic definitions
and results about NM-algebras. In Section 3, we introduce the notion of monadic
NM-algebras and investigate some related properties of them. Also, we give some
conditions under which monadic NM-algebras become monadic Boolean algebras
and discuss relations between monadic NM-algebras and related structures. In
Section 4, we characterize simple and subdirectly irreducible monadic NM-algebras
and prove a representation theorem for monadic NM-algebras. In Section 5, we
present an axiom system of monadic NM-logic and prove the (chain) completeness
of this logic.
2. Preliminaries
In this section, we summarize some definitions and results about NM-algebras,
which will be used in the following sections.
Definition 2.1. [9] An algebraic structure (L,∧,∨,⊙,→, 0, 1) of type (2, 2, 2, 2, 0, 0)
is called an NM-algebra if it satisfies the following conditions:
(1) (L,∧,∨, 0, 1) is a bounded lattice,
(2) (L,⊙, 1) is a commutative monoid,
(3) x⊙ y ≤ z if and only if x ≤ y → z,
(4) (x→ y) ∨ (y → x) = 1,
(5) (x⊙ y → 0) ∨ (x ∧ y → x⊙ y) = 1,
(6) (x→ 0)→ 0 = x,
for any x, y, z ∈ L.
In what follows, by L we denote the universer of an NM-algebra (L,∧,∨,⊙,→
, 0, 1). For any x, y ∈ L, we define ¬x = x→ 0, ¬¬x = ¬(¬x), x⊙y = ¬(x→ ¬y),
x⊕ y = ¬x→ y, x0 = 1 and xn = x⊙ x · · · ⊙ x for any natural number n ∈ N . It
is proved that x⊕ y = ¬(¬x ⊙ ¬y).
Proposition 2.2. [9, 24, 25] In any NM-algebra L, the following properties hold:
for all x, y, z ∈ L,
(1) x ≤ y if and only if x→ y = 1,
(2) x ≤ y → x,
(3) x ≤ y implies y → z ≤ x→ z,
(4) x ≤ y implies z → x ≤ z → y,
(5) x ∨ y = ((x→ y)→ y) ∧ ((y → x)→ x),
(6) x⊙ ¬x = 0 and x⊕ ¬x = 1,
(7) (x⊙ y)→ z = x→ (y → z),
(8) x→ y = x→ (x ∧ y),
(9) x→ (y ∧ z) = (x→ y) ∧ (x→ z),
(10) (x ∨ y)→ z = (x→ z) ∧ (y → z),
(11) (x→ y)n ∨ (y → x)n = 1,
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(12) (x ∧ y)→ z = (x→ z) ∨ (y → z).
We have the following characterizations for Boolean algebras.
Theorem 2.3. [25] Let L be an NM-algebra. Then the following statements are
equivalent:
(1) L is a Boolean algebra,
(2) x⊙ y = x ∧ y for any x, y ∈ L,
(3) x⊕ y = x ∨ y for any x, y ∈ L.
Let L be an NM-algebra. A nonempty subset F of L is called a filter of L if it
satisfies: (1) x, y ∈ F implies x⊙y ∈ F ; (2) x ∈ F , y ∈ L and x ≤ y implies y ∈ F .
A filter F of L is called a proper filter if F 6= L. A proper filter F of L is called a
maximal filter if it is not contained in any proper filter of L. A proper filter F of L
is called a prime filter if for each x, y ∈ L and x ∨ y ∈ F , implies x ∈ F or y ∈ F .
A prime filter F is said to be minimal if F is a minimal element in the set of prime
filters of L ordered by inclusion. For a nonempty subset X of L, we denote by 〈X〉
is the filter generated by X . Clearly, we have 〈X〉 = {x ∈ L|x ≥ x1⊙x2⊙· · ·⊙xn,
for some n ∈ N and some xi ∈ X}. In particular, the principal filter generated by
an element x ∈ L is 〈x〉 = {y ∈ L|y ≥ xn, for some n ∈ N}. If F is a filter of L and
x ∈ L, then 〈F ∪ x〉 = {y ∈ L|y ≥ f ⊙ xn, for some f ∈ F, n ∈ N〉. We denote by
F [L] be the set of all filers of L and obatin that (F [L],⊆) forms a complete lattice
[23, 9, 24, 26].
Let F be a filter of an NM-algebra L. Define the congruence ≡F on L by x ≡F y
if and only if x → y ∈ F and y → x ∈ F . The set of all congruence classes is
denote by L/F , i.e. L/F = {[x]|x ∈ L}, where [x] = {x ∈ L|x ≡F y}. Then L/F
becomes an NM-algebra with the natural operations induced from those of L. It is
easily seen that if F is a prime filter of L if and only if L/F is a linearly ordered
NM-algebra [17, 24, 25].
Definition 2.4. [4] Let L be an NM-algebra. Then L is called to be:
(1) simple if it has exactly two filters: {1} and L.
(2) subdirectly irreducible if among the nontrivial congruence of L there exists the
least one.
At the end of this section, we review the known main results about representa-
tion theory of NM-algebras, which is helpful for studying a representation theorem
for monadic NM-algebras.
Theorem 2.5. [26] Let L be an NM-algebra and P be a filter of L. Then the
following statements are equivalent:
(1) P is a minimal prime,
(2) P = ∪{a⊥|a ∈ P}, where a⊥ = {x ∈ L|a ∨ x = 1}.
Definition 2.6. [4] An NM-algebra L is called representable if L is isomorphic to
a subdirect product of linearly ordered NM-algebras.
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Theorem 2.7. [26] Let L be an NM-algebra. Then the following statements are
equivalent:
(1) L is representable,
(2) there exists a set S of prime filters such that
⋂
S = {1}.
3. Monadic NM-algebras
In this section, we introduce and investigate monadic NM-algebras. Then, we
prove that monadic NM-algebras faithfully the axioms on quantifiers in monadic
predicate NM logic. Finally, we discuss the relation between monadic NM-algebras
and some related structures, likeness monadic Boolean algebras, modal NM-algebras
and rough approximation spaces.
Definition 3.1. Let L be an NM-algebra. A mapping ∀ : L → L is called a
universal quantifier on L, such that the following conditions are satisfied:
(U1) ∀x→ x = 1,
(U2) ∀(¬x→ ∀y) = ¬∀x→ ∀y,
(U3) ∀(∀x→ y) = ∀x→ ∀y,
(U4) ∀(x ∨ ∀y) = ∀x ∨ ∀y.
for any x, y, z ∈ L.
Definition 3.2. Let L be an NM-algebra and ∀ be a universal quantifier on L.
Then the couple (L, ∀) is called a monadic NM-algebra.
Remark 3.3. (1) If L is an NM-algebra, then it is an involution De Morgan al-
gebra. From [5], we obtain that the quantifiers ∀ and ∃ on NM-algebras are inter-
definable. So, we can define a unary operation ∃x = ¬∀¬x corresponding to the
existential quantifier. Then in any monadic NM-algebra hold the identities which
are dual to (U1)-(U4):
(E1) x→ ∃x = 1,
(E2) ∃(¬x⊙ ∃y) = ∃¬x⊙ ∃y,
(E3) ∃(¬∃x ⊙ ¬y) = ¬∃x⊙ ∃¬y,
(E4) ∃(x ∧ ∃y) = ∃x ∧ ∃y.
(2) From (1), one can see that there exists a one to one correspondence relation
between existential and universal quantifiers on NM-algebras. For NM-algebras,
we would like to study the monadic filters rather than monadic ideals, using the
universal quantifier as the original one is more natural and convenient. Therefore,
we introduce the notion of monadic NM-algebras are NM-algebras equipped with
universal quantifiers.
(3) The axiomatisation above can be immediately translated into an equational
one, so the class of monadic NM-algebras is a variety of algebras. Therefore, the
notions of subalgebra and homomorphism are defined as usual.
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Now, we present some examples for monadic NM-algebras.
Example 3.4. Let L be an NM-algebra. One can check that the identity idL is
not only a universal quantifier but also is an existential quantifier on L. Hence,
(L, idL) is a monadic NM-algebra.
Example 3.5. Let L = {0, a, b, c, d, 1}, where 0 ≤ a, b; a ≤ c, d; b ≤ c; c, d ≤ 1.
Define operations → and ⊙ as follows:
→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 c 1 1 1
b d d 1 1 d 1
c a d c 1 d 1
d b c b c 1 1
1 0 a b c d 1
⊙ 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 0 0 a
b 0 0 b b 0 b
c 0 0 b b a c
d 0 0 0 0 d d
1 0 a b c d 1
Then ({0, a, b, c, d, 1},∧,∨,⊙,→, 0, 1) is an NM-algebra. Now, we define ∀ as
follows: ∀0 = ∀a = 0, ∀b = ∀c = b, ∀d = d, ∀1 = 1. One can easily check that
(L, ∀) is a monadic NM-algebra. From Remark 3.3(1), one can see that ∃0 = 0,
∃a = ∃d = d, ∃b = b, ∃c = ∃1 = 1 is an existential quantifier on L. However, ∃
is not an existential quantifier on the corresponding residuated lattice (L,∧,∨,→
,⊙, 0, 1), since ∃(a ⊙ a) = ∃0 = 0 6= d = ∃a ⊙ ∃a not hold, which shows that the
monadic NM-algebra is not the same as that of monadic bounded residuated lattice
in [20].
Example 3.6. Let L be a standard NM-algebra on [0, 1] and Ln ⊆ L be a standard
n-valued NM-algebra for some n ≥ 2 (its elements are 0, 1
n−1
, · · · , n−2
n−1
, 1). For any
x ∈ L, we define ∀x = max{y ∈ Ln|y ≤ x} and ∃x = min{y ∈ Ln|x ≤ y}. One can
easily check that (L, ∀) is a monadic NM-algebra.
In the following, we will present some useful properties of universal quantifier
on a monadic NM-algebra (L, ∀).
Proposition 3.7. Let (L, ∀) be a monadic NM-algebra. Then the following prop-
erties hold: for any x, y, z ∈ L,
(1) ∀0 = 0,
(2) ∀1 = 1,
(3) ∀∀x = ∀x,
(4) x ≤ y implies ∀x ≤ ∀y,
(5) ∀(x→ y) ≤ ∀x→ ∀y, especially, ∀¬x ≤ ¬∀x,
(6) ∀x ≤ y if and only if ∀x ≤ ∀y,
(7) ∀(∀x→ ∀y) = ∀x→ ∀y,
(8) ∀¬∀x = ¬∀x,
(9) ∀(x ∧ y) = ∀x ∧ ∀y,
(10) ∀(x⊙ y) ≥ ∀x⊙ ∀y,
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(11) ∀(∀x⊕ ∀y) = ∀x⊕ ∀y,
(12) ∀(x⊕ y) ≥ ∀x⊕ ∀y,
(13) ∀(∀x⊙ ∀y) = ∀x⊙ ∀y,
(14) ∀L = L∀, where L∀ = {x ∈ L|∀x = x},
(15) ∀L is a subalgebra of L.
Proof. (1) Applying (U1), we have ∀0 ≤ 0. Thus, ∀0 = 0.
(2) From (U1) and (U3), we have ∀1 = ∀(∀x→ x) = ∀x→ ∀x = 1.
(3) From (U4) and (1), we deduce that ∀∀x = ∀(0∨∀x) = ∀0∨∀x = 0∨∀x = ∀x.
(4) If x ≤ y, then x→ y = 1. It follows from (U3),(2) and Proposition 2.2(1) that
1 = ∀(1) = ∀(∀x→ y) = ∀x→ ∀y. Thus, ∀x ≤ ∀y.
(5) From (U1) and Proposition 2.2(4), we get x → y ≤ ∀x → y. Further by (U3)
and (4), we have ∀(x→ y) ≤ ∀(∀x→ y) = ∀x→ ∀y.
(6) It follows from (U1), (3) and (4).
(7) From (U3) and (3), we deduce that ∀(∀x→ ∀y) = ∀x→ ∀∀y = ∀x→ ∀y.
(8) From (U3) and (1), we have ∀¬∀x = ∀(∀x→ 0) = ∀x→ ∀0 = ∀x→ 0 = ¬∀x.
(9) From (U3) and Proposition 2.2 (9),(10), we have (∀x ∧ ∀y) → ∀(∀x ∧ ∀y) =
(∀x→ ∀(∀x∧∀y))∨(∀y → ∀(∀x∧∀y)) = ∀(∀x→ (∀x∧∀y)∨∀(∀y → (∀x∧∀y) =
∀(∀x→ ∀y)∨∀(∀y → ∀x) = (∀x→ ∀y)∨ (∀y → ∀x) = 1. So from Proposition
2.2(1),(U1) and (4), we obtain ∀x ∧ ∀y ≤ ∀(∀x ∧ ∀y) ≤ ∀(x ∧ y) ≤ ∀x ∧ ∀y.
Thus, ∀(x ∧ y) = ∀x ∧ ∀y.
(10) From x ⊙ y ≤ x ⊙ y, we get y ≤ x → (x ⊙ y). Applying (4),(5), we get
∀y ≤ ∀x→ ∀(x⊙ y). Thus, ∀(x)⊙ ∀(y) ≤ ∀(x⊙ y) by Definition 2.1(3).
(11) From (U2), we get ∀(x⊕∀y) = ∀x⊕∀y. Further by (3), we have ∀(∀x⊕∀y) =
∀∀x⊕ ∀y = ∀x⊕ ∀y. Thus, ∀(∀x⊕ ∀y) = ∀x⊕ ∀y.
(12) From (U1) and (11), we have ∀x⊕ ∀y = ∀(∀x⊕ ∀y) ≤ ∀(x⊕ y).
(13) It follows from (7) and (8).
(14) Let y ∈ ∀L. So there exists x ∈ L such that y = ∀x. Hence ∀y = ∀∀x = ∀x = y.
It follows that y ∈ L∀. Conversely, if y ∈ L∀, then we have y ∈ ∀L. Therefore,
∀L = L∀.
(15) (9),(U4) imply that ∧ and ∨ are preserved. (7), (13) imply that → and ⊙
are preserved. (1),(2) imply that 0, 1 ∈ ∀L. (3) implies that ∀ is preserved.
Therefore, ∀L is a subalgebra of L.
Now, we turn our attention to some properties of existential quantifier on a
monadic NM-algebra (L, ∀).
Proposition 3.8. Let (L, ∀) be a monadic NM-algebra. Then the following prop-
erties hold: for any x, y, z ∈ L,
(1) ∃0 = 0,
(2) ∃1 = 1,
(3) ∃∃x = ∃x,
(4) x ≤ y implies ∃x ≤ ∃y,
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(5) ∃(∃x⊙ ∃y) = ∃x⊙ ∃y,
(6) ∃¬∃x = ¬∃x,
(7) ¬∃x ≤ ∃¬x,
(8) ∃(x ∨ y) = ∃x ∨ ∃y,
(9) x ≤ ∃y if and only if ∃x ≤ ∃y,
(10) ∀∃x = ∃x,
(11) ∃∀x = ∀x,
(12) ∀x = x if and only if ∃x = x,
(13) ∃L = L∃, where L∃ = {x ∈ L|∃x = x},
(14) ∃L = ∀L,
(15) (∃, ∀) establishes a Galois connection over (L,≤),
(16) ∀(∃x→ ∃y) = ∃x→ ∃y,
(17) ∃(∃x⊕ ∃y) = ∃x⊕ ∃y.
Proof. The proofs are dual to that of Proposition 3.7, so we omit them.
In the following, we will show that the converses of Proposition 3.7 (12), Propo-
sition 3.8 (7) are not true, in general.
Example 3.9. (1) Consider the monadic NM-algebra (L, ∀) in Example 3.5, we
have ∀(c⊕ c) = ∀1 = 1  b = ∀c⊕ ∀c. Therefore, the converse of Proposition 3.7
(12) is not true, in general.
(2) Let L = [0, 1]. For any x, y ∈ L, we define x ∧ y = min{x, y}, x ∨ y =
max{x, y}, x ⊙ y = 0 if x ≤ y → 0; otherwise x ⊙ y = x ∧ y and x → y = 1 if
x ≤ y; otherwise x→ y = ¬x ∨ y. Then ([0, 1],∧,∨,→,⊙, 0, 1) is an NM-algebra.
Now we define ∀ and ∃ as follows:
∀x =
{
1, x = 1
0, x 6= 1
∃x =
{
0, x = 0
1, x 6= 0
One can easily check that (L, ∀) is a monadic NM-algebra. Moreover, we have
∃¬1
2
= 1  0 = ¬∃1
2
. Therefore, the converse of Proposition 3.8(7) is not true, in
general.
In the following, we show that monadic NM-algebras faithfully the axioms on
quantifiers in monadic predicate NM logic, which was introduced in [2].
Theorem 3.10. Let L be an NM-algebra, ∀ : L −→ L and ∃ : L −→ L be two map-
pings. Then the sets of G = {U1, U2, U3, U4} and H = {W1,W2,W3,W4,W5}
are equivalent, where W1−W5 defined as follows: for any x, y ∈ L,
(W1) ∀x→ x = 1,
(W2) x→ ∃x = 1,
(W3) ∀(x→ ∃y) = ∃x→ ∃y,
(W4) ∀(∃x→ y) = ∃x→ ∀y,
(W5) ∀(x ∨ ∃y) = ∀x ∨ ∃y.
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Proof. G⇒ H : From Remark 3.3(1), we have ∃x = ¬∀¬x.
(W1) It follows from (U1).
(W2) Applying (U1), we have ∀¬x ≤ ¬x and hence ¬∀¬x ≥ x. Therefore, x ≤ ∃x.
(W3) From (U2), we have ∀(x→ ∀y) = ∀(¬¬x→ ∀y) = ¬∀¬x→ ∀y = ∃x→ ∀y.
(W4) From Proposition 3.8(10), we have ∀∃x = ∃x, for any x ∈ L. Moreover, by
(U3), one can obtain that ∀(∃x→ y) = ∀(∀∃x→ y) = ∀∃x→ y = ∃x→ ∀y.
(W5) From Proposition 3.8(10), we have ∀∃x = ∃x, for any x ∈ L. Moreover, by
(U4), one can obtain that ∀(x ∨ ∃y) = ∀(x ∨ ∀∃y) = ∀x ∨ ∀∃y = ∀x ∨ ∃y.
H ⇒ G: From W1,W2,W3,W4,W5, we have ¬∀x = ∃¬x, ∀∃x = ∃x and ∃∀x =
∀x.
(U1) It follows from (W1).
(U2) From (W3), we have ∀(¬x → ∀y) = ∀(¬x → ∃∀y) = ∃¬x → ∃∀y = ¬∀x →
∀y.
(U3) From (W4), we have ∀(∀x→ y) = ∀(∃∀x→ y) = ∃∀x→ ∀y = ∀x→ ∀y.
(U4) From (W5), we have ∀(x ∨ ∀y) = ∀(x ∨ ∃∀y) = ∀x ∨ ∃∀y = ∀x ∨ ∀y.
In the following, we will give some conditions under which monadic NM-algebras
become monadic Boolean algebras, which were introduced by Halmos as a pair
(L, ∃) satisfying conditions (E1),(E4) and Proposition 3.8(1).
Theorem 3.11. Let (L, ∀) be a monadic NM-algebra. Then the following state-
ments are equivalent:
(1) (L, ∃) is a monadic Boolean algebra,
(2) every universal quantifier ∀ on L satisfies ∀(x∧ y) = ∀x⊙∀y for any x, y ∈ L,
(3) every universal quantifier ∀ on L satisfies ∀(x∨ y) = ∀x⊕∀y for any x, y ∈ L.
Proof. (1) ⇒ (2) Suppose that L is a Boolean algebra and ∀ is any quantifier
on L. Then L satisfies the property x ⊙ y = x ∧ y for any x, y ∈ L. Applying
Proposition 3.7(9), we have ∀(x ∧ y) = ∀x ∧ ∀y = ∀x ⊙ ∀y. Therefore, we have
∀(x ∧ y) = ∀x⊙ ∀y.
(2) ⇒ (1) Assume that every universal quantifier ∀ on L satisfies ∀(x ∧ y) =
∀x ⊙ ∀y for any x, y ∈ L. From Example 3.4, we know that idL is an universal
quantifier on L. Thus, taking ∀ = idL, we have x ⊙ y = x ∧ y for all x, y ∈ L.
Therefore, L is a Boolean algebra and hence (L, ∃) is a monadic Boolean algebra.
(1) ⇒ (3) Suppose that L is a Boolean algebra and ∀ is any quantifier on L.
Then L satisfies the property x ⊕ y = x ∨ y for any x, y ∈ L. From Proposition
3.7(12), we have ∀(x∨ y) = ∀(x⊕ y) ≤ ∀x⊕∀y. Further by Proposition 3.7(4), we
have ∀(x ∨ y) ≥ ∀x ∨ ∀y = ∀x⊕ ∀y. Thus, ∀(x ∨ y) = ∀x⊕ ∀y.
(3) ⇒ (1) Assume that every universal quantifier ∀ on L satisfies ∀(x ∨ y) =
∀x ⊕ ∀y for any x, y ∈ L. Taking ∀ = idL, we have x ∨ y = x⊕ y for all x, y ∈ L.
Therefore, L is a Boolean algebra and hence (L, ∃) is a monadic Boolean algebra.
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It is interesting to note that for linearly ordered monadic NM-algebra, we have
∀(x ∨ y) = ∀x ∨ ∀y . So for these subvarieties the axiom (U4) can be rewritten in
the form:
(U4’) ∀(x ∨ y) = ∀x ∨ ∀y.
Motivated by the above consideration, we introduce a special kind of universal
quantifier under the name of strong universal quantifier on an NM-algebra.
Definition 3.12. A strong universal quantifier on an NM-algebra L is a mapping
∀ : L→ L satisfying (U1),(U2),(U3) and (U4’). The couple (L, ∀) is called a strong
monadic NM-algebra.
Example 3.13. Consider the monadic NM-algebra (L, ∀) in Example 3.9(2), one
can check that it is also a strong monadic NM-algebra. However, the strong univer-
sal quantifier ∀ is not a homomorphism on L, since ∀(1
2
→ 0) = 0 6= 1 = ∀1
2
→ ∀0.
Proposition 3.14. Every strong monadic NM-algebra is a monadic NM-algebra.
Proof. Let ∀ be a strong universal quantifier on L. We prove that (U4’) implies
(U4). Indeed, we have ∀(x∨∀y) = ∀x∨∀∀y = ∀x∨∀y, which is axiom (U4). Thus,
we obtain that (U4’) implies (U4).
However, the converse of Proposition 3.14 is not true, in general.
Example 3.15. Consider the monadic NM-algebra (L, ∀) in Example 3.5, one can
easily check that it is a monadic NM-algebra but not a strong monadic NM-algebra,
since ∀(a ∨ b) = ∀d = d 6= b = ∀a ∨ ∀b.
In what follows, we will discuss relations between monadic NM-algebras and
some related structures, likeness modal NM-algebras and rough approximation
spaces.
Definition 3.16. [8] A modal NM-algebra is a structure (L,∧,∨,⊙,→, 0, 1, τ),
where (L,∧,∨,⊙,→, 0, 1) is an NM-algebra and τ : L→ L is a unary operator on
L, called a modal operator, such that the following conditions are satisfied:
(M1) τ(1) = 1,
(M2) τ(x ∨ y) ≤ τ(x) ∨ τ(y),
(M3) τ(x→ y) ≤ τ(x)→ τ(y),
(M4) τ(x) ≤ ττ(x),
(M5) τ(x) ≤ x.
for any x, y ∈ L.
In what follows, we will show that a modal NM-algebra is a strong monadic
NM-algebra if it satisfies the condition (∗): ∀(∀x → ∀y) = ∀x → ∀y for any
x, y ∈ L.
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Theorem 3.17. Let L be an NM-algebra and ∀ : L → L be a unary operator on
L. Then the following statements are equivalent:
(1) (L, ∀) is a strong monadic NM-algebra,
(2) (L, ∀) is a modal NM-algebra with the condition (∗).
Proof. (1) ⇒ (2) Conditions (M1),(M2),(M3),(M4)and (M5) are directly con-
tained in the definition and proposition of a strong monadic NM-algebra as (U1),(U4’)
and Proposition 3.7(2),(3),(5).
(2) ⇒ (1) Conditions (U1),(U4’) are directly contained in the definition of a
modal NM-algebra. In order to show (U3), from (M3),(M4) and (M5) we have
∀(∀x → y) ≤ ∀∀x → ∀y = ∀x → ∀y. On the other hand, from (M5) and
Proposition 2.2(4) we obtain that ∀x→ ∀y ≤ ∀x→ y, where using ∀(∀x→ ∀y) =
∀x → ∀y we get ∀x → ∀y ≤ ∀(∀x → y). Finally, the proof of (U2) as following:
from Proposition 3.7(8) and (U3), we get ∀(¬x→ ∀y) = ∀(x⊕ ∀y) = ∀(∀y ⊕ x) =
∀(¬∀y → x) = ∀(∀¬∀y → x) = ∀¬∀y → ∀x = ¬∀y → ∀x = ∀x⊕ ∀y = ¬∀x→ ∀y.
Definition 3.18. [22] A rough approximation space is a systemR = (X,L(X), (U(X)),
where
(1) (X,≤, 0, 1) is a poset with respect to the order ≤, elements from X are said
to be approximable elements.
(2) L(X) is a subpoest of X containing of all available inner definable elements.
(3) U(X) is a subpoest of X containing of all available upper definable elements,
and satisfying the following axioms:
(a) for any approximable element x ∈ X , there exists one element i(x) if it
satisfies: (1) i(x) ∈ L(X); (2) i(x) ≤ x; (3) for any a ∈ L(X), (a ≤ x ⇒
a ≤ i(x)). We called i an inner approximation map from X to L(X).
(b) For any approximable element x ∈ X , there exists one element u(x) if
it satisfies: (1) u(x) ∈ U(X); (2) x ≤ U(x); (3) for any r ∈ U(X),
(x ≤ r ⇒ u(x) ≤ r). We called i a upper approximation map from X to
U(X).
Theorem 3.19. A monadic NM-algebra (L, ∀) induce a rough approximation space
R = (L, ∀L, ∃L) in which,
(1) L is the set of approximable elements,
(2) ∀L is the set of exact or definable elements,
(3) ∃ : L → ∃L is the upper approximation map, satisfying (for any x ∈ ∃L)(for
any y ∈ L)(x ≤ y iff ∃x ≤ y),
(4) ∀ : L → ∀L is the inner approximation map, satisfying (for any x ∈ ∀L) (for
any y ∈ L)(x ≤ y iff x ≤ ∀y), in which for any element x in L, its rough
approximation is defined by (∀x, ∃x).
Proof. Suppose that x ∈ ∀L and y ∈ L. If x ≤ y, then x = ∀x ≤ ∀y. Conversely,
if x ≤ ∀y, then x ≤ ∀y ≤ y.
Suppose that x ∈ L and y ∈ ∃L. If x ≤ y, then ∃x ≤ ∃y = y. Conversely, if
∃x ≤ y, then x ≤ ∃x ≤ y.
Open Problem: Whether there exists a nontrival universal quantifier ∀, en-
sures that no two different elements have the same rough approximation?
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4. Monadic filters in monadic NM-algebras
In this section, we introduce and investigate monadic filters in monadic NM-
algebras. In particular, we prove a representation theorem for monadic NM-
algebras and characterize two kinds of monadic NM-algebras, which are simple
and subdirectly irreducible monadic NM-algebras.
Definition 4.1. Let (L, ∀) be a monadic NM-algebra. A nonempty subset F of
L is called a monadic filter of (L, ∀), if F is a filter of L such that if x ∈ F , then
∀x ∈ F for all x ∈ L.
We will denote the set of all monadic filters of (L, ∀) by MF [L].
Example 4.2. Consider the monadic NM-algebra (L, ∀) in Example 3.5, one can
easily check that the monadic filters of (L, ∀) are {1},{1, d}, {1, b, c} and L. How-
ever, consider the monadic NM-algebra (L, ∀) in Example 3.9(2), one can check
that (1
2
, 1] is a filter of L but it is not a monadic filter of (L, ∀).
Let (L, ∀) be a monadic NM-algebra. For any nonempty subset X of L, we
denote by 〈X〉∀ the monadic filter of (L, ∀) generated by X , that is, 〈X〉∀ is the
smallest monadic filter of (L, ∀) containing X . If F is a monadic filter of (L, ∀)
and x /∈ F , then we put 〈F, x〉∀ := 〈F ∪ {x}〉∀.
The next theorem gives a concrete description of the monadic filter generated
by a nonempty subset X of an NM-algebra L.
Theorem 4.3. Let (L, ∀) be a monadic NM-algebra and X be a nonempty set of
L. Then
〈X〉∀ = {x ∈ L|x ≥ ∀x1 ⊙ ∀x2 ⊙ · · · ⊙ ∀xn, xi ∈ X, n ≥ 1}.
Proof. The proof is easy, and hence we omit the details.
Theorem 4.4. Let F , F1, F2 be monadic filters of (L, ∀) and a /∈ F . Then
(1) 〈a〉∀ = {x ∈ L|x ≥ (∀a)
n, n ≥ 1},
(2) 〈F ∪ a〉∀ = {x ∈ L|x ≥ f ⊙ (∀a)
n, f ∈ F} = F ∨ [∀a),
(3) 〈F1 ∪ F2〉∀ = {x ∈ L|x ≥ f1 ⊙ f2, f1 ∈ F1, f2 ∈ F2} = F1 ∨ F2,
(4) if a ≤ b, then 〈b〉∀ ⊆ 〈a〉∀,
(5) 〈∀a〉∀ = 〈a〉∀,
(6) 〈a〉∀ ∨ 〈b〉∀ = 〈a ∧ b〉∀ = 〈a⊙ b〉∀,
(7) if (L, ∀) is a strong monadic NM-algebra, then 〈a〉∀ ∩ 〈b〉∀ = 〈∀a ∨ ∀b〉∀.
Proof. The proofs of (1)− (5) are obvious.
(6) Since a⊙ b ≤ a ∧ b ≤ a, b, we deduce that 〈a〉∀, 〈b〉∀ ⊆ 〈a ∧ b〉∀ ⊆ 〈a⊙ b〉∀.
It follows from that 〈a〉∀ ∨ 〈b〉∀ ⊆ 〈a ∧ b〉∀ ⊆ 〈a⊙ b〉∀. Conversely, let a ∈ 〈a⊙ b〉∀.
Then, for some natural number n ≥ 1, a ≥ (∀(a⊙b))n ≥ (∀a⊙∀b)n = (∀a)n⊙(∀b)n.
Hence a ∈ 〈a〉∀∨〈b〉∀, we deduce that 〈a⊙b〉∀ ⊆ 〈a〉∀∨〈b〉∀. Therefore, 〈a〉∀∨〈b〉∀ =
〈a ∧ b〉∀ = 〈a⊙ b〉∀.
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(7) Since ∀a ≤ ∀a∨∀b, we deduce that 〈∀a∨∀b〉∀ ⊆ 〈∀a〉∀ = 〈a〉∀. Analogously,
〈∀a ∨ ∀b〉∀ ⊆ 〈∀b〉∀ = 〈b〉∀. It follows that 〈∀a ∨ ∀b〉∀ ⊆ 〈a〉∀ ∩ 〈b〉∀. Moreover,
let t ∈ 〈a〉∀ ∩ 〈b〉∀. Then for some natural number n,m ≥ 1, t ≥ (∀a)
m and
t ≥ (∀b)n. Hence t ≥ (∀a)m ∨ (∀b)n ≥ (∀a ∨ ∀b)mn = (∀(a ∨ b))mn, we deduce that
a ∈ 〈∀a∨∀b〉∀, that is, 〈a〉∀∩〈b〉∀ ⊆ 〈∀a∨∀b〉∀. Therefore, 〈a〉∀∩〈b〉∀ = 〈∀a∨∀b〉∀.
Theorem 4.5. Let (L, ∀) be a monadic NM-algebra and F be a filter of L. Then
the following statements are equivalent:
(1) F is a monadic filter of (L, ∀),
(2) F = 〈F ∩ L∀〉.
Proof. It is similar to the proof of Lemma 9 in [1].
Corollary 4.6. Let (L, ∀) be a monadic NM-algebra. Then the lattice MF [L] is
isomorphic to the lattice F [L∀] of all filters of the NM-algebra L∀.
Proof. It is similar to the proof of Corollary 10 in [1].
Proposition 4.7. Let (L, ∀) be a monadic NM-algebra, x ∈ L∀ and F be a monadic
filter of (L, ∀). Then 〈F ∪ {x}〉 is a monadic filter of (L, ∀).
Proof. It is similar to the proof of Lemma 8 in [1].
Definition 4.8. Let (L, ∀) be a monadic NM-algebra and θ be a congruence on L.
Then θ is called a monadic congruence on (L, ∀) if (x, y) ∈ θ implies (∀x, ∀y) ∈ θ,
for any x, y ∈ L.
We will denote the set of all monadic congruences of (L, ∀) by MC[L].
Theorem 4.9. For any monadic NM-algebra, there exists a one to one correspon-
dence between its monadic filters and its monadic congruences.
Proof. It is similar to the proof of Theorem 11 in [1].
Let (L, ∀) be a monadic NM-algebra and F be a monadic filter. We define a
mapping ∀F : L/F → L/F such that ∀F ([x]) = [∀x], for any x ∈ L.
Proposition 4.10. Let (L, ∀) be a monadic NM-algebra and F a monadic filter of
(L, ∀). Then (L/F, ∀F ) is a monadic NM-algebra.
Proof. From the proof of Theorem 4.9, one can see that the mapping ∀F is well
defined. Moreover, the (U1)-(U4) in Definition 3.1 are checked easily, so we omit
them.
Definition 4.11. Let (L, ∀) be a monadic NM-algebra. A proper monadic filter
F of (L, ∀) is called a prime monadic filter of (L, ∀), if for all monadic filter F1, F2
of (L, ∀) such that F1 ∩ F2 ⊆ F , then F1 ⊆ F or F2 ⊆ F .
13
Example 4.12. Consider the Example 3.5, one can easily obtain that {d, 1} and
{b, c, 1} are prime monadic filters of (L, ∀). Moreover, one can check that {1} is
a monadic filter of (L, ∀), but it is not a prime monadic filter. In fact, {d, 1} and
{b, c, 1} are monadic filters of (L, ∀) and {1} ⊆ {d, 1} ∩ {b, c, 1}, but {d, 1} * {1}
and {b, c, 1} * {1}.
Theorem 4.13. Let (L, ∀) be a strong monadic NM-algebra and F be a proper
monadic filter of (L, ∀). Then the following statements are equivalent:
(1) F is a prime monadic filter of (L, ∀),
(2) if ∀x ∨ ∀y ∈ F for some x, y ∈ L, then ∀x ∈ F or ∀y ∈ F ,
(3) ∀x→ ∀y ∈ F or ∀y → ∀x ∈ F for any x, y ∈ L,
(4) (L/F, ∀F ) is a linearly ordered monadic NM-algebra.
Proof. (1) ⇒ (2) Let ∀x ∨ ∀y ∈ F for some x, y ∈ L. Then 〈x〉∀ ∩ 〈y〉∀ =
〈∀x ∨ ∀y〉∀ ⊆ F . If F is a prime monadic filter of (L, ∀), then, we have 〈x〉∀ ⊆ F
or 〈y〉∀ ⊆ F . Therefore, ∀x ∈ F or ∀y ∈ F .
(2) ⇒ (1) Suppose that F1, F2 ∈ MF [L] such that F1 ∩ F2 ⊆ F , F1 * F and
F2 * F . Then, there exist x ∈ F1 and y ∈ F2 such that x, y /∈ F . Since F1, F2 is
are monadic filters of (L, ∀), then ∀x ∈ F1 and ∀y ∈ F2. From ∀x, ∀y ≤ ∀x ∨ ∀y,
we obtain that ∀x ∨ ∀y ∈ F1 ∩ F2 ⊆ F . Further by (2), we get x ∈ F or y ∈ F ,
which is a contradiction. Therefore, F is a prime monadic filter of (L, ∀).
(2)⇔ (3) It is similar to the proof of Proposition 8.5.3 in [24].
(3)⇔ (4) It is similar to the proof of Proposition 8.5.6 in [24].
Definition 4.14. Let (L, ∀) be a monadic NM-algebra. A proper monadic filter
F of (L, ∀) is called a maximal monadic filter if it not strictly contained in any
proper monadic filter of (L, ∀).
Example 4.15. Let L = {0, a, b, c, d, e, f, g, 1}, where 0 ≤ a, b ≤ c ≤ d ≤ e ≤
f, g ≤ 1. Define operations → and ⊙ as follows:
→ 0 a b c d e f g 1
0 1 1 1 1 1 1 1 1 1
a g 1 f 1 1 1 1 1 1
b f g 1 1 1 1 1 1 1
c e g f 1 1 1 1 1 1
d d d d d 1 1 1 1 1
e c c c c d 1 1 1 1
f b a c c d g 1 g 1
g a c b c d f f 1 1
1 0 a b c d e f g 1
⊙ 0 a b c d e f g 1
0 0 0 0 0 0 0 0 0 0
a 0 0 0 0 0 0 b 0 0
b 0 0 0 0 0 0 0 a b
c 0 0 0 0 0 0 a b c
d 0 0 0 0 0 d d d d
e 0 0 0 0 d e e e e
f 0 a 0 a d e e g f
g 0 0 b b d e f e g
1 0 a b c d e f g 1
Then ({0, a, b, c, d, e, f, g, 1},∧,∨,⊙,→, 0, 1) is an NM-algebra. Now, we define
∀ as follows: ∀0 = ∀a = ∀b = 0, ∀c = c, ∀d = d, ∀e = ∀f = ∀g = e, ∀1 = 1. One
can easily check that (L, ∀) is a monadic NM-algebra and {e, f, g, 1} is a maximal
monadic filter of (L, ∀). Moreover, one can check that {e, g, 1} and {e, f, 1} are
monadic filters of (L, ∀) but not maximal monadic filters of (L, ∀).
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Theorem 4.16. Let F be a proper monadic filter of (L, ∀). Then the the following
statements are equivalent:
(1) F is a maximal monadic filter of (L, ∀),
(2) ∀x ∈ F or ¬∀x ∈ F for any x ∈ L
(3) ∃x ∈ F or ¬∃x ∈ F for any x ∈ L,.
Proof. It is similar to the proof of Theorem 16 in [1].
Theorem 4.17. Let (L, ∀) be a strong monadic NM-algebra, F be a monadic filter
of (L, ∀) and a /∈ F . Then there exists a prime monadic filter P of (L, ∀) such that
F ⊆ P and a /∈ P .
Proof. Denote Fa = {F
′|F ′ is a proper monadic filter of (L, ∀) such that F ⊆ F ′,
a /∈ F ′}. Then Fa 6= ∅ since F is a monadic filter not containing a and Fa is a
partially set under inclusion relation. Suppose that {Fi|i ∈ I} is a chain in Fa,
then ∪{Fi|i ∈ I} is a monadic filter of (L, ∀) and it is the upper bounded of this
chain. By Zorn’s Lemma, there exists a maximal element P in Fa. Now, we shall
prove that P is desired prime monadic filter of ours. Since P ⊆ Fa, then P is a
proper monadic filter and a /∈ P .
Let x ∨ y ∈ P for some x, y ∈ L. Suppose that x /∈ P and y /∈ P . Since
P is strictly contained in 〈P, x〉∀ and 〈P, y〉∀ and by the maximality of P , we
deduce that 〈P, x〉∀ /∈ Fa and 〈P, y〉∀ /∈ Fa. Then a ∈ 〈P, x〉∀ = P ∨ [∀x) and
a ∈ 〈P, y〉∀ = P ∨ [∀y). It follows from strong property of monadic NM-algebra, we
have a ∈ (P∨[∀x))∧(P∨[∀y)) = P∨([∀x)∧[∀y)) = P∨[∀x∨∀y) = P∨[∀(x∨y)) ∈ P ,
which implies a ∈ P , a contradiction. Therefore, P is a prime monadic filter such
that F ⊆ P and a /∈ P .
The following theorem gives a representation theorem of monadic NM-algebras.
Theorem 4.18. Each strong monadic NM-algebra is a subalgebra of the direct
product of a system of linearly ordered monadic NM-algebras.
Proof. The proof of this theorem is as usual and the only critical point is the
above Theorem 4.17.
The following theorem gives a characterization of representable NM-algebras.
Theorem 4.19. Let (L, ∀) be an monadic NM-algebra. Then the following state-
ments are equivalent:
(1) L is representable,
(2) for any strong universal quantifier ∀, (L, ∀) is representable.
Proof. (1) ⇒ (2) Suppose that the NM-algebra L is representable. Then by
Theorem 2.7, there exists a system S of prime filter of L such that
⋂
S = {1}.
Since every prime filter of L contains a minimal prime filter, we get that in our
case the intersection of all minimal prime filter is equal to {1}. Moreover, we will
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show that every minimal prime filter of L is a prime monadic filter in (L, ∀). Let P
be a minimal prime filter of L. Then by Theorem 2.5, P = ∪{a⊥|a ∈ P}. If x ∈ P ,
then there is a /∈ P such that x∨ a = 1, hence 1 = ∀1 = ∀(x∨ a) = ∀x∨ ∀a. Since
a /∈ P , we get ∀a /∈ P , and hence ∀x ∈ P , that means that P is a prime monadic
filter in (L, ∀). Applying Theorem 2.7 again, one can see that (L, ∀) is a subdirect
product of linearly ordered monadic NM-algebras.
(2) ⇒ (1) Assume that any strong universal quantifier ∀ such that (L, ∀) is
representable. From Example 3.4, we know that idL is a strong universal quantifier
on L. Thus, taking ∀ = idL, we can obatin that L is representable.
Now, we introduce two kinds of monadic NM-algebras and give some charac-
terizations of them.
Definition 4.20. A monadic NM-algebra (L, ∀) is said to be simple if it has
exactly two monadic filters: {1} and L.
Example 4.21. Consider the monadic NM-algebra (L, ∀) in Example 3.9(2) , one
can easily check that it is a simple monadic NM-algebra.
The following theorem gives some characterizations of simple monadic NM-
algebras.
Theorem 4.22. (L, ∀) be a monadic NM-algebra. Then the following statements
are equivalent:
(1) (L, ∀) is simple,
(2) ∀L is simple,
(3) L∀ = {0, 1},
(4) 〈1〉 is the only proper monadic filter in (L, ∀).
Proof. (1) ⇒ (2) If (L, ∀) is simple, F is a filter of ∀L and F 6= {1}. Now, we
will prove that ∀L is simple. Consider the set Ff = {z ∈ L|z ≥ f for a certain
f ∈ F}. If x, y ∈ Ff , then there exist f1, f2 ∈ F such that x ≥ f1, y ≥ f2, so
x ⊙ y ≥ f1 ⊙ f2 ∈ F , and thus x ⊙ y ∈ Ff . Moreover, if x ∈ Ff and x ≤ y, then
y ∈ Ff . Furthermore, if x ∈ Ff , then x ≥ f, f ∈ F , and hence ∀x ≥ ∀f = f (since
f ∈ ∀L), that is, ∀x ∈ Ff . Therefore, Ff is a monadic filter of (L, ∀). Since (L, ∀)
is simple, and Ff 6= {1} (since F ⊆ Ff ). It follows that Ff = L, and so 0 ∈ Ff ,
hence F = ∀L. From Definition 2.4(1), we obtain that ∀L is simple.
(2)⇒ (1) Let F be a monadic filter of (L, ∀). Then F ∩∀L is a filter of ∀L, and
so F ∩ ∀L = {1} or F ∩ ∀L = ∀L. If F ∩ ∀L = ∀L, then ∀L ⊆ F . Since 0 ∈ ∀L,
we deduce F = L. If F ∩ ∀L = {1} and x ∈ F , then ∀x ∈ F ∩ ∀L, so ∀x = 1, that
is, x = 1 (since Ker(∀) = {1}), and so F = {1}. Therefore, (L, ∀) is simple.
(2)⇔ (3) It is similar to the proof of Theorem 21 in [1].
(1)⇔ (4) The equivalence of (1) and (4) follows from Definition 4.20.
Theorem 4.22 brings a method of how to check a monadic NM-algebra is simple.
As an application of Theorem 4.22, one can check that the monadic NM-algebra
in Example 4.21 is simple since L∀ = {0, 1}.
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Definition 4.23. A monadic NM-algebra (L, ∀) is said to be subdirectly irreducible
if it has the least nontrivial monadic congruence.
Let (L, ∀) be a subdirectly irreducible monadic NM-algebra. Then, by Theorem
4.9, there exists a monadic filter F of (L, ∀) such that θF = F , that means, F is
the least monadic filter of (L, ∀) such that F 6= {1}. Thus, we can conclude
that a monadic NM-algebra (L, ∀) is said to be subdirectly irreducible if among
the nontrivial monadic filters of (L, ∀), there exists the least one, i.e., ∩{F ∈
MF (L)|F 6= {1}} 6= {1}.
Example 4.24. Consider the monadic NM-algebra (L, ∀) in Example 4.15. One
can check that the set of monadic filters of (L, ∀) are {e, f, g, 1}, {e, g, 1}, {e, f, 1},
{1} and hence ∩{F ∈ MF (L)|F 6= {1}} = ∩{{e, f, g, 1}, {e, g, 1}, {e, f, 1}} =
{e, 1} 6= {1}. Therefore, (L, ∀) is a subdirectly irreducible monadic NM-algebra.
However, consider the monadic NM-algebra (L, ∀) in Example 3.5, one can easily
check that it is a monadic NM-algebra but not a subdirectly irreducible monadic
NM-algebra, since ∩{F ∈ MF (L)|F 6= {1}} = ∩{{1, d}, {b, c, 1}} = {1}.
In the following, we will show that every subdirectly irreducible strong monadic
NM-algebra is linearly ordered. For proving this important result, we need the
following several propositions and theorems.
Proposition 4.25. Let (L, ∀) be a subdirectly irreducible monadic NM-algebra and
F1, F2 be two monadic filters of (L, ∀). If F1∩F2 = {1}, then F1 = {1} or F2 = {1}.
Proof. The proof is easy, and hence we omit the details.
Theorem 4.26. Let (L, ∀) be a monadic NM-algebra. The the following state-
ments are equivalent:
(1) (L, ∀) is a subdirectly irreducible monadic NM-algebra,
(2) there exists an element a ∈ L, a < 1, such that for any x ∈ L, x < 1, a ∈ 〈x〉∀.
Proof. (1) ⇒ (2) If (L, ∀) is a subdirectly irreducible monadic NM-algebra, then
we have ∩{F ∈ MF (L)|F 6= {1}} 6= {1}, and hence ∩{〈x〉∀|x < 1} 6= {1}. If
a ∈ ∩{〈x〉∀|x < 1} satisfying a 6= 1, then we have x 6= 1,a ∈ 〈x〉∀ for any x ∈ L,
that is, there exists m ∈ N , such that a ≥ (∀x)m. Clearly, a is the element that
we need.
(2) ⇒ (1) In order to prove (L, ∀) is a subdirectly irreducible monadic NM-
algebra, we need to show that for any F ∈ MF (L), if F 6= {1}, then a ∈ F . In
fact, if F 6= {1}, then there exists x ∈ F , x < 1. Further by (2), we have a ∈ 〈x〉∀,
and hence a ∈ F . So a ∈ ∩{F ∈ MF (L)|F 6= {1}}. Thus, ∩{F ∈ MF (L)|F 6=
{1}} 6= {1}, that is, (L, ∀) is a subdirectly irreducible monadic NM-algebra.
A non-unit element a is said to be a coatom of L if a ≤ b, then b ∈ {a, 1}, that
is, b = a or b = 1 (see [3]). In the following proposition, we will show that every
subdirectly irreducible strong monadic NM-algebra has at most one coatom.
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Proposition 4.27. Let (L, ∀) be a subdirectly irreducible strong monadic NM-
algebra. For any x,y ∈ L, if x ∨ y = 1, then x = 1 or y = 1.
Proof. It follows from Proposition 4.25.
The following theorem shows that the subdirectly irreducible strong NM-algebra
(L, ∀) is linearly ordered, that is to say, the truth value of all propositions in
monadic NM-logic are comparable, this is the key importance from the logical
point of view.
Theorem 4.28. Let (L, ∀) be a strong monadic NM-algebra. Then the following
statements are equivalent:
(1) (L, ∀) is a subdirectly irreducible strong monadic NM-algebra,
(2) (L, ∀) is a chain.
Proof. (1)⇒ (2) Suppose that (L, ∀) is a subdirectly irreducible strong monadic
NM-algebra. Applying Definition 2.1(4), we have (x → y) ∨ (y → x) = 1 for any
x, y ∈ L, then by Proposition 4.27, we have x→ y = 1 or y → x = 1, that is, x ≤ y
or y ≤ x. So (L, ∀) is a chain.
(2)⇒ (1) Conversely, if (L, ∀) is a nontrivial chain, then there exists a unique
coatom, denoted by a. Suppose that F is any monadic filter of (L, ∀) satisfying
F 6= {1}, then a ∈ F . Since F is chosen arbitrarily from MF (L), then a ∈
∩{F ∈ MF (L)|F 6= {1}}. Hence ∩{F ∈ MF (L)|F 6= {1}} 6= {1}, i.e., (L, ∀) is a
subdirectly irreducible strong monadic NM-algebra.
In what follows, we will show that ∀L is linearly ordered when (L, ∀) is a
subdirectly irreducible monadic NM-algebra.
Proposition 4.29. Let (L, ∀) be a monadic NM-algebra. If (L, ∀) is a subdirectly
irreducible monadic NM-algebra, then ∀L is linearly ordered.
Proof. Let F be the smallest non-trivial monadic filter of (L, ∀) and x ∈ F −{1}.
Assume that ∀L is not linearly ordered, and ∀a, ∀b ∈ ∀L such that ∀a 
 ∀b and
∀b 
 ∀a. Then the filters 〈∀a → ∀b〉∀ and 〈∀b → ∀a〉∀ generated by ∀a → ∀b and
∀b→ ∀a respectively, are non-trivial, and both contain F , in particular, x ∈ 〈∀a→
∀b〉∀ and x ∈ 〈∀b → ∀a〉∀. Since ∀a → ∀b ∈ ∀L, by Theorem 4.4(1), there is a n
such that x ≥ (∀(∀a→ ∀b))n ≥ (∀a→ ∀b)n and x ≥ (∀(∀b→ ∀a))n ≥ (∀b→ ∀a)n.
Therefore, x ≥ (∀a→ ∀b)n∨ (∀b→ ∀a)n = 1 by Proposition 2.2(11). Thus, we can
obtain that x = 1, which is a contradiction the hypothesis.
In the following, we will show that monadic NM-algebra (L, ∀) is subdirectly
irreducible if and only if NM-algebra L∀ is a subdirectly irreducible.
Theorem 4.30. Let (L, ∀) be a monadic NM-algebra. Then the following state-
ments are equivalent:
(1) (L, ∀) is a subdirectly irreducible monadic NM-algebra,
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(2) L∀ is a subdirectly irreducible subalgebra of L.
Proof. (1) ⇒ (2) Let (L, ∀) be a subdirectly irreducible monadic NM-algebra,
then MF [L]− {1} has a minimal element F . From Proposition 3.7(15), it is clear
that L∀ is a subalgebra of L. Now, we will show that F ∩L∀ is the minimal monadic
filter of L∀ such that F ∩ L∀ 6= {1}. First, if F ∩ L∀ = {1}, since ∀F ⊆ F ∩ L∀
and hence ∀x = 1 for any x ∈ F . Thus, F ⊆ Ker(∀) = {1} and F = {1}, which is
a contradiction, that means, F ∩ L∀ 6= {1}. Next, we will show that F ∩ L∀ is the
minimal monadic filter of (L, ∀). Suppose that G is a filter of L∀, from corollary 4.6,
we have 〈G〉∀ is the monadic filter of (L, ∀) generated by G. Clearly 〈G〉∀∩L∀ = G.
By minimality of F , F ⊆ 〈G〉∀ and hence F ∩ L∀ ⊆ 〈G〉∀ ∩ L∀ = G. Then, F ∩ L∀
is the minimal filter of L∀ such that F ∩ L∀ 6= {1}. Therefore, L∀ is a subdirectly
irreducible subalgebra of L.
(2)⇒ (1) Let L∀ is a subdirectly irreducible subalgebra of L. Then there exists
a minimal filter F of L∀ such that F 6= {1}. From Theorem 4.5, we get that
〈F ∩ L∀〉 is a monadic filter of (L, ∀). Further, we will show that 〈F ∩ L∀〉 is a
minimal monadic filter of (L, ∀). In fact, if G is another non-trivial monadic filter
of (L, ∀), then G ∩ L∀ ⊇ F ∩ L∀. Then, G contains the monadic filter generated
by F , that is, 〈F ∩ L∀〉 ⊆ 〈G ∩ L∀〉, i.e., 〈F ∩ L∀〉 is minimal. Thus, (L, ∀) is a
subdirectly irreducible monadic NM-algebra.
In the following, we will give another extension to monadic NM-algebras of a
representation theorem.
Proposition 4.31. Let (L, ∀) be a strong monadic NM-algebra and F be a monadic
filter of (L, ∀). Then the following properties hold: for any x, y, z ∈ L,
F = 〈F ∪ {x→ y}〉∀ ∩ 〈F ∪ {y → x}〉∀
Proof. It is easy to check that the forward inclusion is straightforward. Now,
assume that z is an element of both 〈F∪{x→ y}〉∀ and 〈F∪{y → x}〉∀. Then, there
are f1,f2 ∈ F , n1, n2 ∈ N such that f1⊙ (∀(x→ y))
n1 ≤ z and f2⊙ (∀(y → x))
n2 ≤
z. If we let f = f1 ⊙ f2 and n = max{n1, n2}, it follows that f ⊙ (∀(x→ y))
n ≤ z
and f⊙(∀(y → x))n ≤ z. From the definition 2.1(3), we have (∀(x→ y))n ≤ f → z
and (∀(y → x))n ≤ f → z, and hence t (∀(x → y))n ∨ (∀(y → x))n ≤ f → z.
Further by Proposition 2.2(11), we have (∀(x → y))n ∨ (∀(y → x))n = (∀((x →
y) ∨ (y → x)))n = ∀1 = 1. So f ≤ z and z ∈ F .
Proposition 4.32. Let (L, ∀) be a strong monadic NM-algebra such that ∀L is
linearly ordered. Given a ∈ L, a 6= 1, there exists a prime monadic filter P of
(L, ∀) such that a ∨ ∀r /∈ P for any r 6= 1.
Proof. Considering the set C = {a∨∀r|r 6= 1}. Note that 1 /∈ C, since a∨∀r = 1
implies that 1 = ∀(a ∨ ∀r) = ∀a ∨ ∀r and this would imply that a = 1 or r = 1.
Let F be the family of monadic filters F in (L, ∀) such that F ∩ C = ∅. The
above paragraph shows that {1} ∈ F , so that F is nonempty. In addition, it is
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straightforward to verify that any chain in F has an upper bound in F . Hence,
by Zorn’s Lemma, there exists a maximal filter P in F . We claim that P is prime
monadic filter. Indeed, let x, y ∈ L and note that P = 〈P ∪ {x → y}〉∀ ∩ 〈P ∪
{y → x}〉∀. If we assume that neither 〈P ∪ {x → y}〉∀ nor 〈P ∪ {y → x}〉∀
belongs to F , then there are r1, r2 6= 1 such that a ∨ ∀r1 ∈ 〈P ∪ {x → y}〉∀ and
a ∨ ∀r2 ∈ 〈P ∪ {y → x}〉∀ . Since ∀r1 and ∀r2 are comparable, it follows that one
of them belongs to both filters. Hence one of them belongs to P , a contradiction.
This shows that either 〈P ∪ {x → y}〉∀ ∈ F or 〈P ∪ {y → x}〉∀ ∈ F . Assume the
first option is true. By the maximality of P , we have P = 〈P ∪{x→ y}〉∀. Further
by Proposition 3.7(5) and Theorem 4.4(2), we have ∀x → ∀y ∈ P . Analogously,
P = 〈P ∪ {y → x}〉∀, so ∀y → ∀x ∈ P . Thus, from Theorem 4.13 (1) ⇔ (3), one
can see that P is a prime monadic filter of (L, ∀).
Theorem 4.33. Let (L, ∀) be a strong monadic NM-algebra. Then there exists a
subdirect representation of the underlying NM-algebra L ≤
∏
i∈I Li, where each Li
is a totally ordered NM-algebra and ∀L is embedded in Li via the corresponding
projection map.
Proof. For each a ∈ L, a 6= 1, let Pa be one of the prime filters provided by the
previous proposition. Clearly ∩a6=1Pa = {1} and we obtain a natural embedding
L →
∏
a6=1 L/Pa. To close the proof we need only show that the natural map
L → L/Pa is injective on ∀L. Indeed, suppose there were r1, r2 ∈ L such that
∀r1 ≤ ∀r2 and ∀r1/Pa = ∀r2/Pa. We have that ∀r2 → ∀r1 = ∀(∀r2 → ∀r1) and
∀r2 → ∀r1 6= 1. Hence, we know that a∨(∀r2 → ∀r1) /∈ Pa, which is a contradiction.
5. Monadic NM-logic
In this section, we present the monadic NM-logic (MNL for short) and prove the
(chain) completeness of this logic with respect to the variety of (strong) monadic
NM-algebras.
The language of MNL consists of countably many proposition variables (p1, p2, · · · ),
the constants 0¯ and 1¯, the unary logic connective ∀, the binary logic connectives
⊓, ⊔, &,⇒ and finally the auxiliary symbols “(and)”. Formulas are defined induc-
tively: proposition variables, 0¯ and 1¯ are formulas; if φ and ψ are formulas, then
so are φ⊓ψ, φ⊔ψ, φ&ψ, φ⇒ ψ, ∀φ. One useful shorthand notations denoted by:
1¯ for 0¯⇒ 0¯ and φ ≡ ψ for (φ⇒ ψ) ⊓ (ψ ⇒ φ) for any formula φ and ψ.
Adapting for the axiomatization of monadic predicate NM logic gave by Bianchi
in [2], we can define monadic NM logic (MNL for short) as a logic which contains
NM-logic, the formulas as the axioms schemes:
(MTL1) (φ⇒ ψ)⇒ ((ψ ⇒ χ)⇒ (φ⇒ χ)),
(MTL2) (φ&ψ)⇒ φ,
(MTL3) (φ&ψ)⇒ (ψ&φ),
(MTL4) (φ ⊓ ψ)⇒ φ,
(MTL5) (φ ⊓ ψ)⇒ (ψ ⊓ φ),
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(MTL6) (φ&(φ⇒ ψ)⇒ (φ ⊓ ψ),
(MTL7a) (φ⇒ (ψ ⇒ χ))⇒ ((φ&ψ)⇒ χ),
(MTL7b) ((φ&ψ)⇒ χ)⇒ (φ⇒ (ψ ⇒ χ)),
(MTL8) ((φ⇒ ψ)⇒ χ)⇒ (((ψ ⇒ φ)⇒ χ)⇒ χ),
(MTL9) 0¯⇒ φ,
(DN) (φ⇒0¯)⇒0¯⇒ φ,
(WNM) ((φ⇒ 0¯)&ψ) ∨ ((φ ⊓ ψ)⇒ (φ&ψ)),
(U1) ∀φ⇒ φ,
(U2) ∀((φ⇒0¯)⇒ ψ)⇒ ((∀φ)⇒0¯)⇒ ∀ψ,
(U3) ∀(∀φ⇒ ψ)⇒ ∀φ⇒ ∀ψ,
(U4) ∀(φ ⊔ ∀ψ)⇒ ∀φ ⊔ ∀ψ.
and is closed under modus ponens and necessitation (φ/∀φ).
As well known, monadic Boolean algebras serve as algebraic models of the
one-variable fragment of the classical predicate calculus CPC [11], while monadic
Heyting algebras serve the same purpose for the one-variable fragment of intu-
itionistic predicate calculus IPC [1], where S5 modal logic in the case of CPC and
MIPC (Prior’s intuitionistic modal logic) in the case of IPC. For monadic NM-
algebras, which serve some purpose for the one-variable fragment of NM predicate
calculus NMPC [2], it is routine to check that S5(NM) modal fuzzy logic in the
case of NMPC and S5 modal logic in the case of CPC, MIPC in the case of IPC.
Moreover, Ha´jek introduced basic predicate logic BPC and S5(BL) modal fuzzy
logic and proved that S5(BL) modal fuzzy logic is equivalent to monadic basic
logic in [12], that is, monadic basic logic axiomatizes the one variable fragment
of the basic predicate logic. By the similarly way, we can prove that S5(NM)
modal fuzzy logic is equivalent to monadic NM-logic (in fact, monadic NM-logic
stands for S5(NM) modal fuzzy logic, which contains two modal connectives ✷
and ♦, where ∀ stands to ✷ just as ∃ stands to ♦ and ∃φ ≡ (∀(φ⇒0¯))⇒0¯). Thus,
monadic NM-logic axiomatizes the one variable fragment of the predicate NM-logic.
Let N denote a first-order language based on ∧,∨,⊙,→, ∀ and Nm denote
the monadic propositional language based on ⊓,⊔,&,⇒, ∀, and Form(N) and
Form(Nm) be the set of all formulas of N , Nm, respectively. We fixed a vari-
able x in N , associate with each propositional letter p in Form(Nm) a unique
monadic predicate p•(x) in Form(N) and defined by induction a translation Ψ :
Form(Nm) −→ Form(N) by putting:
(1) Ψ(p) = p•(x) if p is propositional variable,
(2) Ψ(α ◦ β) = Ψ(α) ◦Ψ(β), where ◦ = ∧,∨,⊙,→,
(3) Ψ(∀α) = ∀xΨ(α).
Through this translation Ψ, we can identity the formulas of Nm with the
monadic formulas of N containing the variable x. Moreover, it is routine to check
that Ψ(MNL) ⊆ NMPC, where NMPC stand for the predicate calculus of NM-
logic that is defined in the paper [2].
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In order to prove a completeness theorem, we are going to summarize some
necessary notions of of MNL, which will be used in the further.
The consequence relation ⊢ is defined in the usual way. Let T be a theory, i.e.,
a set of formulas in MNL. A (formula) proof of a formula φ in T is a finite sequence
of formulas with φ at its end, such that every formula in the sequence is either an
axiom of MNL, a formula of T , or the result of an application of an deduction rule
to previous formulas in the sequence. If a proof of φ exists in T , we say that φ can
be deduced from T and denote this by T ⊢ φ. Moreover T is complete if for each
pair φ, ψ, T ⊢ φ⇒ ψ or T ⊢ ψ ⇒ φ.
Definition 5.1. Let L = (L, ∀) be a monadic NM-algebra and T be a theory. An
L-evaluation is a mapping e from the set of formulas of MNL to L that satisfies,
for each two formulas φ and ψ: e(φ ⊓ ψ) = e(φ) ∧ e(ψ), e(φ ⊔ ψ) = e(φ) ∨ e(ψ),
e(φ ⇒ ψ) = e(φ) → e(ψ), e(φ&ψ) = e(φ) ⊙ e(ψ), e(∀φ) = ∀e(φ), e(0¯)=0 and
e(1¯)=1. If a L-evaluation e satisfies e(χ) = 1 for every χ in T , it is called a
L-model of T .
Now, we stress our attention to the Lindenbaum-Tarski algebra of MNL.
Definition 5.2. Let T be a fixed theory over MNL. For each formula φ, let [φ]T
be the set of all formulas ψ such that T ⊢ φ ≡ ψ and L/T be the set of all the class
[φ]T .We define: 0 = [0]T , 1 = [1]T , [φ]T → [ψ]T = [φ⇒ ψ]T , [φ]T ∨ [ψ]T = [φ⊔ ψ]T ,
[φ]T ∧ [ψ]T = [φ ⊓ ψ]T , [φ]T ⊙ [ψ]T = [φ&ψ]T , ∀T [φ]T = [∀φ]T . This algebra is
denoted by LT = (L/T,∧,∨,⊙,→, 0, 1, ∀T ).
Proposition 5.3. LT = (L/T,∧,∨,⊙,→, 0, 1, ∀T ) is a monadic NM-algebra.
Proof. It is similar to the proof Proposition 4.10.
Theorem 5.4. Let T be a theory over MNL. Then T is complete if and only if the
monadic NM-algebra LT = (L/T,∧,∨,⊙,→, 0, 1, ∀T ) is linearly ordered.
Proof. It is similar to the proof of Theorem 4.13 (1)⇔ (4).
It is easy to check that MNL is sound with respect to the variety of monadic
NM-algebras, i.e., that is, if a formula φ can be deduced from a theory T in MNL,
then for every monadic NM-algebra L and for every L-model e of T , e(φ) = 1.
Indeed, we need to verify the soundness of the new axioms and deduction of MNL
(for the axioms and rules of NM, the reader can check [9]). For the axioms this is
easy, as they are straightforward generalizations of axioms of monadic NM-algebras.
We will now verify the soundness of the new deduction rules.
Proposition 5.5. The deduction rules of MNL are sound in the following sense,
for any formula φ and ψ.
(1) If for all monadic NM-algebra L and for all L-model e for T , e(φ) = 1, then
for all monadic NM-algebra L and for all L-tautology e for T , e(∀φ) = 1.
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(2) If for all monadic NM-algebra L and for all L-model e for T , e(φ) = 1 and
e(φ → ψ) = 1, then for all monadic NM-algebra L and for all L-model e for
T , e(ψ) = 1.
Proof. (1) It follows from Proposition 3.7(2) and Definition 5.1.
(2) It follows from Proposition 2.2(1) and Definition 5.1.
In the following, we prove a completeness theorem of MNL based on monadic
NM-algebras.
Theorem 5.6. Let T be a theory over MNL. For each formula φ, the following
statements are equivalent:
(1) T ⊢ φ,
(2) for each monadic NM-algebra L and for every L-model e of T , e(φ) = 1 .
Proof. (1)⇒ (2) It follows from Propositions 5.3 and 5.5.
(2) ⇒ (1) To this end recall Proposition 5.3 saying, among other things, that
the algebra LT of classes of equivalent formulas of monadic NM-logic, is a monadic
NM-algebra, thus φ is a LT tautology if it satisfy (2). In particular, let e(pi) = [pi]T
and e(∀pi) = [∀pi]T for all propositional variables pi. Then e(φ) = [φ]T = [1]T , thus
T ⊢ φ ≡ 1, hence T ⊢ φ.
In what follows, we shall analyse one axiomatic extension of MNL in order to
prove completeness with respect to linearly ordered structures. The corresponding
classes of models are strong monadic NM-algebras, that is a subvarieties of monadic
NM-algebras. First, we introduce the propositional calculus strong monadic NM-
logic (SMNL for short), which is an axiomatic extension of MNL.
Definition 5.7. The axioms of SMNL are those of MNL plus ∀(φ⊔ψ)→ ∀φ⊔∀ψ,
where φ and ψ are arbitrary formulas of MNL.
If T is an arbitrary set of formulas then the Lindenbaum-Tarski algebra is
defined as usual and it will be denoted by SLT . It is obvious that SLT is a
monadic NM-algebra which satisfies the algebraic identities corresponding to the
logical axioms ∀(φ ⊔ ψ)→ ∀φ ⊔ ∀ψ.
Theorem 5.8. Let T be a theory over SMNL and T 0 φ. Then there is a consistent
complete supertheory T ′ ⊇ T such that T ′ 0 φ.
Proof. It is similar to the proof of Theorem 4.17.
One can check that Lindenbaum-Tarski algebra SLT is a strong monadic NM-
algebra for any set T of formulas. Hence, the semantics of SMNL uses evaluations
with values in strong monadic NM-algebra. Further by Theorem 4.18, the following
completeness result is straightforward.
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Theorem 5.9. Let T be a theory over SMNL. For each formula φ, the following
statements are equivalent:
(1) T ⊢ φ,
(2) for each strong monadic NM-algebra L and for every L-model e of T , e(φ) = 1,
(3) for each linearly ordered strong monadic NM-algebra L and for every L-model
e of T , e(φ) = 1.
Proof. It follows from Theorems 4.18, 5.8.
6. Conclusions
Motivated by the previous research of monadic MV-algebras, we introduced
and investigated monadic NM-algebras. Then, we discuss the relations between
monadic NM-algebras and some related structures. Also, we characterize two kinds
of monadic NM-algebras and obatin a monadic analogous of representation theorem
for NM-algebras. Finally, we introduce the monadic NM-logic and prove the (chain)
completeness of monadic NM-logic. Since the above topics are of current interest,
we suggest further directions of research:
(1) Introducing and studying polyadic NM-algebras, which are further generaliza-
tions of monadic NM-algebras given by polyadic structures.
(2) Focusing on the varieties of monadic NM-algebras. In particular, one can inves-
tigate semisimple, locally finite, finitely approximated and splitting varieties of
monadic NM-algebras as well as varieties with the disjunction and the existence
properties.
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